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The equation for the change of Gibbs energy in complex chemical systems is reformulated
in terms of the newly conceived response reactions (RERs). The present formulation has the
remarkable property of being unique: the composition of the species unequivocally determines
the response reactions and via them the change of the Gibbs energy of the system. Furthermore,
it enables one to reinterpret and rationalize some basic concepts of chemical thermodynamics, as
coupling between reactions, sensitivity coefficients, etc.
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Introduction

There are two equivalent equations describing the
chemical transformations in a closed system contain-
ing n species, in terms of the Gibbs energy:

dG(r,py = Z pi dny, (n
=1
dG,py = — ) A; d;. (2)
=l

The first equation is the original Gibbs formulation
[1], given in terms of chemical potentials (y;) and
the amounts (n;, number of moles) of the species i =
1,2,...,n. The second one represents the De Donder
approach [2] in terms of affinities (A;) and extents
(&;) of the stoichiometrically independent reactions
(SIRs)j =1,2,...,m.

Calculations based on (1) regard the system as a
whole, the actual change of Gibbs energy is not de-
composed into contributions associated with individ-
ual reactions. The second equation makes it possible
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to express the actual change of G as a sum of contri-
butions associated with particular SIRs. The concept
of affinity is the basis of the De Donder theorem, de-
scribing the time development of chemical processes:

e O,
;Aia—-gAlszO. (3)

The condition of equilibrium in this formulation is

= 80
A, =0; v; = T =0. 4)

The problem with (2) is that the choice of the SIRs
is arbitrary, there are no criteria for selecting a unique
set of them. This, in turn, is the cause of the criticism
[3,4] of the idea of thermodynamic coupling [5,6]
between chemical reactions and of the ambiguous
definition of reaction velocities in complex reacting
systems [6].

We recently put forward the concept of response
reactions (RERs) [7 -9], which enabled the rational-
ization of some unusual behavior of equilibrium sys-
tems [7, 9], interpretation of cases in which apparent
contradiction to the Le Chatelier principle is observed
[9,10], and discovery of hitherto unnoticed thermo-
dynamic identities [10]. The most important finding
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obtained is that every sensitivity coefficient in a chem-
ical equilibrium system may be, in a natural way, par-
titioned into terms, each being associated with either
anindividual RER or a pair thereof [9, 10, 11]. Further
work along these lines revealed that all these results
have a common origin in a third, novel, formulation
of the change of Gibbs energy. The aim of this note
is to present this new formulation and to summarize
its main advantages relative to (1) and (2).

At this early point we wish to make clear that we
are not offering a (new) method suitable for numeri-
cal calculations in chemical thermodynamics. Our ap-
proach, as we believe, provides certain novel concepts
useful for understanding and rationalizing the (often
very complicated) behavior of multiple—equilibrium
systems.

Mathematical Considerations

Consider a closed system in which n species
B, B,, ..., B, interact in accordance with the fol-
lowing set of stoichiometrically independent reac-
tions:

VllBl -+ 1/1232 s R R o Vlan =0,
1/2131 + I/zsz AR l/ann =07

&)

VmIBl + Vm2B2 et o anBn =O»

where v;; are the stoichiometric numbers, being neg-
ative for reactants, positive for products and zero for
species not participating in the given SIR.

Each of these reactions is characterized by its extent
¢, and affinity A;, defined as [5]

dng = ¥ v 8 8= 1,2u0m, (6)
j=1

FI BT SO
s=1

where n is the amount (number of moles) of species
B,.

At T, P = const. the Gibbs energy may be re-
garded either as a function of the extents of reac-
tions &1, &, ...,&,, or as a function of the amounts
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of species nj,ny,...,n,. Thus, we can define two

Hessian matrices:

1 [ %G
G=|Gill; Gii=—=— | =—— ],
,j=1,2,...,m,
1 o’G
R=|Rjl||;: Gij=== | =—=—],
,j=12,...,n.
These are related via
G =vR/, (10)
i.e.,
Gy =)_ ) VirtljsRea, (11)

r=1 s=1

where superscript ' denotes transposition. Recall that
Gi]’ = Gji and Rij = Rji, ie,G= G'and R = R".
The determinant of the Hessian matrix G is denoted by
A and will be referred to as the Hessian determinant.
It is necessarily positive—valued [5].

At T, P = const., the affinities are functions only
of the extents of reactions. Therefore

= (94; )
dAl-=§ <¥>d£j;1:1,2,...,m.
J=l !

By taking into account that

34,\ _ &G
- (%) =agag =70

(12) is rewritten as

1 - :
—ﬁdAizgcij d¢;; i=1,2,...,m. (13)

The given set of independent variables

d¢,,d&,, . .., d&,, can be transformed into the set of
dA,,dA,, ..., dA,,, as the Hessian determinant is
different from zero:

1 A,

& =—77 2

(14)
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where

G G-+ Gir—y dA) Gy -+
Gy Gn -+ Garoy dA2 Gopy -+ -

Glm
GZm

A, = .(15)
Bt B+ 5108 Gt > B
Thus, for the change of Gibbs energy:
1 m
Grp == EA’ Ay (16)
Equation (16) may easily be transformed into
dGr,p =) > Lrs A, dA,, (17)
r=1 s=1
where
1
L,s=—— (1" D, 18
RTA (=D (18)

and where D, is the minor of the determinant A, ,
(15), obtained by deleting its r-th column and s-th
row.

The response reactions are defined by the stoichio-
metric equation [11]:

> Di(li]) By =0,

k=1
where
Vi, Visy " Vi, Vik
Vg, V2,iy " V2, Vak
Di(l:D = (19)

VUm,iy Vm,iy " " Vm,i,, | Vmk

The indices i1, i3, . . . , 2, — satisfy the condition 1 <
11 < i3 < ... < %,n—1 < n and pertain to the re-
spective columns of the stoichiometric matrix, i. ., to
the species B;,B;,,...,B; ,_,. Hence, a particular
response reaction is determined by a choice of m — 1
species form a total of n. Therefore the number of
response reactions is r = (, ™ |). They are not all in-
dependent, but they have the remarkable property of
being unique, i. e., being independent of the SIRs they
are derived from [12].
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For the sake of brevity, the (m — 1)-tuple of in-
tegers 71,1y, .. .,%im—1, satisfying the above specified
conditions, will be denoted by [¢]. In harmony with
this, [j] symbolizes the numbers j,, j2, . . ., jm—1, for
whichl < j < <...<Jm-1 <n.

It can be shown [7] that the affinity of the [¢]-th
response reaction is given by

Vi, Viiy " Vi, Ay
Vai, Vajiy ot Vi, Az

AlD=| = ' " s (20)
Vm,il Vm,i2 ot Vm,im_l Am

and that an analogous relation holds for its differen-
tial:

Vi Vi ot Vii,_, dA
Vi) Vaiy ttt Vo, dAs

dA([i]) = S 0
Vm,iy Vm,iy =" Vm,i,, dAm

Expansion of the latter two determinants with respect
to their m-th columns yields

Al =) (=D A, dem([4),

r=1

(22)

dA([G]) = ) (= 1)**™ dA, dem (5D,

s=1

(23)

where d,.,([¢]) and d,,([7]) are the respective mi-
nors. Applying the Binet-Cauchy formula [15] to the
minor D, of the determinant A, (15), and by taking
into account (10) we arrive at

Dpo =33 drm([iD) R(E), [5]) dem (), (24)
2] 5]

where
Rilvj] Ril»jz e Rihim—l
Ri5  Riys -+ Riyj,_,
R([z], 5D = - (25)
Rim—l:]l Rim—lvjz T Rim—]»jnL—]
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The Main Result

Substitution of (24) into (17) and taking into ac-
count (22) and (23) leads to the main result of the
present communication:

dGerpy = 3 3 (Ll 5D Al dA(L)), (26)
[2]1 [1]

where ~([7], []) is a quantity which accounts for cou-
pling between RERs:

1 R([z], [J])
A

The summation in (26) goes over all RERs and pairs
thereof.
Differentiation of (26) with respect to time gives

dG i
(E> Z Z’Y([l L) AT — ([]])
TP )

v, 1) =

and because the Gibbs energy is a monotonously de-
creasing function of time, the De Donder theorem
takes the form

S i p A L <o @)
[2] (5]
At equilibrium:
A7) =0, dALD =0. (28)
dt
Discussion

The above considerations show that there exists
a unique stoichiometric representation in the chem-
ical thermodynamics of multiple reactions. In other
words, the arbitrary SIRs can always be transformed
into the same, therefore unique, RERs.
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The transformation of the fundamental equations
of chemical thermodynamics, from a SIR-basis to
the RERs, envisages new, hitherto unnoticed, features
of these equations. This has two consequences. First,
the controversial concept of thermodynamic coupling
may be interpreted in a new qualitative and quantita-
tive manner. In terms of RERs the coupling appears
in a natural way and is given explicitly by y([], [j])-
Second, the substitution of extents of reactions as
independent variables by affinities, implies that in
nonequilibrium thermodynamics the role of flux is
played by the rate of change of affinities, instead by
the rate of change of extents of reactions. By this,
inadequacies due to different transformation rules for
the forces and fluxes in nonequilibrium systems [4]
are automatically eliminated.

Animportant advantage of the present approach (in
terms of RERs), compared to the standard approach
(in terms of SIRs), is that the sensitivity coefficients,
characterizing the response of an equilibrium system
to the change of different parameters governing its
position, may be decomposed into sums of terms,
uniquely assigned to individual RERs, [8]-[11], [13].
The formulation put forward in this letter enables
the use of the concept of RERs in nonequilibrium
thermodynamics as well.

We have presented here only a brief summary of
the applications of RERs in chemical thermodynam-
ics, putting emphasis on the Gibbs energy. Evidently,
RERs can be used in connection with other thermody-
namic potential functions, and with other important
thermodynamic quantities, such as first derivatives,
etc. Work along the line of building up a complete set
of thermodynamic relations based on this approach is
in progress.
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